Abstract. We consider a minimizing sequence for the conformal energy in a given homotopy class of maps between two compact Riemannian manifolds M and N. In general this sequence will fail to be (strongly) convergent in the natural Sobolev class, but will have a weak limit which is not a priori in the original homotopy class. We prove a topological decomposition theorem: the homotopy class of the original map is given as the composition (in an appropriate sense) of the homotopy class of the weak limit with a finite number of free homotopy classes of maps from the sphere (with dimension that of the manifold M) into N. The method of proof shows that the weak limit is a minimizer in its homotopy class, and also shows that the homotopy classes of maps from the sphere occurring in the decomposition can be represented by minimizers in their respective classes.
Introduction
Given two Riemannian manifolds M and N it is of interest to consider various Sobolev classes of maps from M to N. In particular in the case that N is (isometrically) embedded in some Euclidian space R L we can define the A number questions arise when one considers critical points of E s , the so-called s-harmonic maps from M to N. For example, questions as to the existence of sharmonic maps-and in particular minimizers of E s -under various constraints (e.g. boundary conditions, topological restrictions), questions of higher regularity for weak s-harmonic maps, and a precise study of certain minimizing sequences are of interest. A situation which often occurs is that one is quite easily able to establish the existence of a weak limit for (a subsequence of ) a given minimizing sequence-or possibly even for an arbitrary bounded sequence-subject to the given constraint, but it is not at all clear whether this limit is also a strong limit. Indeed this can fail to be the case, and then one is interested in some kind of measure of the ''defect'', i.e. a description of the loss of energy and/or the change in topology which occurs in the passage to the weak limit, the so-called ''bubbling-o¤ ''. This situation can be considered as a geometric example of the phenomenon of concentrated compactness, as first formulated by Lions in [12] , although the terminology and the first important results in the two-dimensional case were given by Sacks and Uhlenbeck in [14] .
Of particular interest are the cases s ¼ 2 and s ¼ n, the dimension of M. The case s ¼ 2 is the case of harmonic maps, which has been an active area of research for a number of decades; the case s ¼ n, in which the energy is conformally invariant, has attracted increased interest in recent years. In the case s ¼ 2 we mention in particular the papers [13] , [10] and [15] . Parker's paper [13] was the first to present a ''bubble tree analysis'', in this case for an equibounded sequence of harmonic maps from a 2-dimensional manifold; his results basically show that such a sequence can be associated to a limiting configuation, a ''bubble tree'', consisting of a harmonic map f 0 : M ! N and a tree of bubbles f k : S 2 ! N. The paper of Kuwert, [10] , contains a number of results in the case that n ¼ s ¼ 2; in particular the author obtains a precise description of the possible loss of compactness in minimizing sequences. Qing's paper [15] is concerned with an analysis of the bubbling-o¤ occurring in the harmonic map heat flow. In the case s ¼ n we mention in particular the paper [4] , which we discuss in more detail below.
The case of general s has also been considered by a number of authors, both for the homotopy problem given above, and for the Dirichlet problem (i.e. the problem of minimizing E s among maps having prescribed boundary data). In particular such problems arise naturally when considering the definition of the Sobolev space W 1; s ðM; NÞ. In the case that N is replaced by R K the standard definitions of a Sobolev space-the set of functions in L s with distributional derivatives in L s , the completion of the set of smooth functions under the norm k Á k L s þ kD Á k L s or the completion of the set of Lipschitz continuous functions under this norm-yield the same space; this is in general not the case when N is a manifold. We mention here the papers [1] , [16] , [17] and [11] , and note in particular that our main result extends the topological result contained in Lin's paper ( [11, Theorem 1 00 ]), in that we provide a more detailed description of the defect measure n given in that theorem.
In the situations described above, a first step usually consists of establishing an appropriate e 0 -regularity result, which roughly says that if a suitable rescaling of the energy is su‰cently small on all su‰ciently small neighbourhoods of a given point in M for all maps in a weakly convergent subsequence of the minimizing sequence, then the convergence is locally strong in a neighbourhood of the given point. Here ''su‰ciently small'' can depend not only on the geometry of M, but also on topological considerations. In general such a lemma yields an upper bound on the Hausdor¤-dimension of the concentration set, i.e. the set of points for which the minimizing sequence fails to converge strongly in any neighbourhood of the point.
In the conformal case this yields that the concentration set is discrete in M (cf. Corollary 4.3).
In general this weakly convergent subsequence will fail to be strongly convergent in the natural Sobolev class; further the weak limit is not a priori in the original homotopy class. We prove a topological decomposition theorem: the homotopy class of the original map is given as the composition (in an appropriate sense) of the homotopy class of the weak limit with a finite number of free homotopy classes of maps from the sphere (with dimension that of the manifold M) into N.
As noted above, our setting is very similar to that of the paper of Duzaar and Kuwert, [4] ; the di¤erence is that they consider maps from the particular manifold S n into a compact subset of R L which satisfies a certain, mild neighbourhoodretraction property. In particular the general approach of the current paper is quite similar to theirs, and a number of our lemmas and definitions have analogues in their setting. In one aspect their paper is more technically di‰cult, in that the fact that they consider more general targets necessitates a number of delicate topological distinctions which do not occur when the target is a manifold; on the other hand such a target lends itself to much more straightforward geometrical constructions (e.g. convex interpolation) than are possible in our setting. Furthermore the fact that we have a priori no information on symmetries of our domain manifold M means that a number of techniques exploiting the conformal group of M ¼ S n cannot be used. The remainder of the paper is organized as described below. In the next section we discuss the notation and nomenclature used throughout the paper. In particular we formulate the notion of a topological decomposition of a homotopy class in Definition 2.1: this enables us to formulate the main theorem of the paper, Theorem 2.2. Section 3 is concerned with defining and obtaining estimates for the geodesic constructions which shall be used throughout the remainder of the paper. The next section, Section 4 contains further topological and analytical results, and in particular our e 0 -regularity result, Lemma 4.2: as indicated above, this enables us in particular to conclude that there are at most a finite number of concentration points, see Corollary 4.3. In Section 5 we establish a lower semicontinuity result for a sequence of maps in a given homotopy class, Lemma 5.1. Section 6 gives the final preliminary result, Lemma 6.1, which can be viewed as a complement to the lower semicontinuity result. We conclude the paper with Section 7, in which the proof of Theorem 2.2 is completed.
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Nomenclature and statement of the result
In this section we explain the notation used throughout the paper. We discuss the setting in some detail, and in particular recall the definitions of various homotopy classes of mappings between Riemannin manifolds. This allows us to introduce the notion of a decomposition of a homotopy class as Definition 2.1, and hence to formulate our main result, Theorem 2.2.
Throughout the paper we will consider fixed smooth Riemannian manifolds M and N of dimension n and K respectively. We assume that both M and N are compact and connected; in particular we assume that N is isometrically embedded in some Euclidian space R L . Further we fix k b 0 such that the sectional curvature of both manifolds lies in ½Àk; k.
The conformal energy of u A W 1; n ðM; NÞ will be denoted by EðuÞ, i.e.
For a domain A H M and u A W 1; n ðA; NÞ we set
For maps from the n-dimensional unit sphere S n to N we will also denote the conformal energy by E. We denote the distance functions on M and N by d 
We will use the same notation for balls in the tangent spaces T x 0 M and T p 0 N, where no confusion is likely to arise. Further we will use the notation u; v; . . . for maps from M to N, andũ u;ṽ v; . . . for maps from some T x 0 M to N. Similarly exp x 0 will denote the exponential map T x 0 M ! M, exp p will denote the exponential map T p N ! N, the domain and range being clear from the base point. We will denote by a n the volume of the n-dimensional unit ball B n , i.e. a n ¼ L N ðB n Þ. For a measure m, a measurable set X with 0 < mðX Þ < y and a m-measurable function f we abbreviate
By definition, the injectivity radius iðMÞ of M is the largest radius r > 0 such that for any x 0 in M the exponential map exp x 0 : T x 0 M I B r ð0Þ ! M is an embedding. Of course, the compactness of M implies iðMÞ > 0 (see e.g. [2, Prop. 5.4 and Def. 5.5]).
For given base points x 0 in M and p A N we denote by u : ðM; x 0 Þ ! ðN; pÞ a continuous map u : M ! N with uðx 0 Þ ¼ p, and ½ðM; x 0 Þ; ðN; pÞ will denote the set of homotopy classes of (continuous) mappings u : ðM; x 0 Þ ! ðN; pÞ. Further let ½M; N denote the set of free homotopy classes of mappings from M to N. In the remainder of the paper, the free homotopy class of u : M ! N will be denoted by ½u, and the homotopy classes with base points for a mapping v : ðM; x 0 Þ ! ðN; pÞ will be abbreviated by 7u8. In this context we have the ''forget-the-base-point'' map F : ½ðM; x 0 Þ; ðN; pÞ ! ½M; N which assigns homotopy classes with base points to the correspondending free homotopy classes. For the standard unit ball B n in R n with boundary qB n and a base point p in N let V : ðB n ; qB n Þ ! ðN; pÞ be a map from B n to N with V j qB n 1 p. The n-th homotopy group p n ðN; pÞ is the group of homotopy classes of continuous mappings V : ðB n ; qB n Þ ! ðN; pÞ. Of course, since N is connected we have p n ðNÞ ¼ ½S n ; N G p n ðN; pÞ G p n ðN; qÞ for any p and q in N, and hence there exists an isomorphism I : p n ðN; pÞ ! p n ðNÞ:
Analogously to above, the free homotopy class of V : S n ! N will be denoted by s ¼ ½V A p n ðNÞ, and the homotopy class of V : ðB n ; qB n Þ ! ðN; pÞ with base point will be denoted bys s ¼ 7V 8 A p n ðN; pÞ.
Given points x 0 A M, p A N we wish to define an operation of the group p n ðN; pÞ on the set ½ðM; x 0 Þ; ðN; pÞ. For this purpose consider r a iðMÞ, V : ðB n ; qB n Þ ! ðN; pÞ and u : ðM; x 0 Þ ! ðN; pÞ. We will identity B n with the standard ball of radius one in T x 0 M. Given a ball B r 1 ðx 1 Þ H B r=2 ð0Þnf0g, we define a mapw w :
Thenw w is well defined and continuous; hence the map w defined by
is a well-defined and continuous map from ðM; x 0 Þ to ðN; pÞ. Note in particular that the homotopy type ofw w, and hence that of w, is independent of the choice of the ball B r 1 ðx 1 Þ. Now, givens s A p n ðN; pÞ andã a A ½ðM; x 0 Þ; ðN; pÞ let V : ðB n ; qB n Þ ! ðN; pÞ and u : ðM; x 0 Þ ! ðN; pÞ be representatives in the corresponding homotopy classes with s s ¼ 7V 8 andã a ¼ 7u8. Then we have an operation ?: p n ðN; pÞ Â ½ðM; x 0 Þ; ðN; pÞ ! ½ðM; x 0 Þ; ðN; pÞ given bỹ
Moreover, from the construction of w it is clear that there holds 
A straightforward geodesic construction enables one to check that the decomposition is independent of the choice of base points x 0 and p, and hence is well defined.
Having given this definition we are now in a position to formulate our main result. For a given homotopy class b (either free or with base point) we denote inf v A b EðvÞ by E Ã ðbÞ. Theorem 2.2. Let M and N be compact, smooth Riemannian manifolds of dimension n and K respectively. Let a be a given homotopy class of maps from M to N, and consider fu k g to be a minimizing sequence for the conformal energy E in a which is weakly convergent to a map u 0 A W 1; n ðM; NÞ. Then there exist a finite number of maps
with each fV i g A W 1; n ðS n ; NÞ such that f½u 0 ; ½V 1 ; . . . ; ½V L g is a decomposition of a, and such that there holds
Comparison arguments
Our proof requires a number of interpolation arguments, which in turn rely upon various geodesic contructions. In order to describe the constructions we summarize some well-known facts about the exponential map exp : TM ! M.
Consider u; v A T x 0 M with juj A ð0; p= ffiffiffi k p Þ, the norm here being the norm induced by the metric on M. The derivative D exp x 0 of the exponential map exp x 0 : 
From the area formula we have for r < iðMÞ, f : M I B r ðx 0 Þ ! ½0; y:
where, by [7, Remark (i) 3.100], the Jacobian determinant J exp x 0 ðroÞ has the asymptotic expansion
Thus we have the existence of a constant
such that for any r A ð0; r 0 Þ there holds
f exp x 0 dL n ; ð3-4Þ and further, for u A W 1; n ðM; NÞ in view of (3-2),
jDðu exp x 0 Þj n dL n a ð
jDðu exp x 0 Þj n dL n for any r a r 0 and x 0 A M.
Having established the necessary terminology, we can now establish bounds on partial derivatives occuring in geodesic constructions which will be used throughout this paper. Proof. Since exp is an isometry in the radial direction we have
which establishes (i).
To prove (ii) we first note that we have w ¼ exp F ðð1 À jÞðexp À1 F CÞÞ. Keeping this in mind and using also the estimates (3-1) and (3-2) we calculate Proof. Let o S be the south pole of S nÀ1 and defineṽ 
Since jðD exp o S Þ À1 j is bounded on B 3p=4 ðo S Þ and given that N is compact and isometrically embedded in R L , there exists a constant c 
1; n -class). To see this, we note that Lemma 3.3 yields:
jD tan vðoÞj n do 1=n
:
Thus if Ð S nÀ1 jD tan vðoÞj n do is su‰ciently small then the result follows.
Preliminary results
In this section we assemble and formulate some preliminary topological and analytical results, including our e 0 -regularity result. We begin by giving a topological lemma which follows from results of White, see [16] . Proof. Without loss of generality we assume that the origin in R L is in N. We recall (for the application of the results from [16] ) that two maps f and g in C 0 ðS n ; NÞ are k-homotopic if their restrictions to the k-dimensional skeleton of S n are homotopic; in particular, in the current situation, n-homotopy is simply homotopy. Consider b A p n ðNÞ, b 0 0, and let fu k g be a minimizing sequence for E in b. Each u k can be approximated (strongly in W 1; n ) by a sequence fu Here e 0 is as given in Lemma 4.1, r 0 as given in (3-3). Then there holds:
1. u k ! u 0 strongly in W 1; n ðB r 1 ðx 0 Þ; NÞ for all r 1 , 0 < r 1 < s;
2. u 0 is locally energy minimizing on B s ðx 0 Þ.
Proof. We define the maps fũ u k g andũ u 0 from jDũ u k j n dL n :
Arguing similarly withũ u k replacingũ u 0 , and then applying Fatou's lemma, we deduce that lim inf k!y Ð S nÀ1 jDũ u k ðr ÁÞj n do is finite for almost every r A ½r 1 =2; r 1 . Given the conditions of the lemma, Rellich's theorem yields that u k converges strongly to u 0 in L n ðB r 1 ðx 0 Þ; NÞ. This means thatũ u k converges strongly toũ u 0 in L n ðB r 1 ð0Þ; NÞ, i.e. there holds:
We can mimic the above calculation to show that
for almost every r A ½r 1 =2; r 1 . In particular, recalling thatũ u 0 ðr ÁÞ 1j jðr ÁÞ for r su‰ciently close to r 1 , we can find r arbitrarily close to r 1 and a subsequence-again denoted by fu k g-for which there holds:
where here
We now fix p A ðn À 1; nÞ, and set h k ðoÞ ¼ d N ðũ u k ðroÞ;j jðroÞÞ n=p . In view of (4-1) we see:
Further there holds, using Hö lder's inequality: 
ð4-3Þ
We further obtain via Hö lder's inequality: 
ð4-5Þ
for all k su‰ciently large. In particular this means that the maps fw w k g, wherẽ w w k ðroÞ ¼j
are well-defined maps in W 1; n ðB r 1 ð0Þ; NÞ, where here gj jðroÞ;ũ u k ðroÞ denotes the unique geodesic betweenj jðroÞ andũ u k ðroÞ parametrized proportionally to arc length (the uniqueness following immediately from (4-5)), r denotes jxj and o denotes x=jxj A S nÀ1 . Explicitely, we have:
In order to calculate the energy ofw w on B r 1 ð0Þ we begin by noting that the conformality of E yields:
Eðw w k ; B ð1À d k Þr ð0ÞÞ ¼ Eðj j; B r ð0ÞÞ:
We next observe:
for k su‰ciently large, where here we have used Lemma 3.1. Combining the last two estimates we have, for k su‰ciently large:
Eðw w k ; B r ð0ÞÞ ¼ Eðj j; B r ð0ÞÞ þ oðd k Þ:
Sincew w k ¼ũ u k on qB r ð0Þ, we can define a continuous map from S n into N via: 
In particular the choice j ¼ u 0 means that the inequalities in (4-7) must be equalities, and the fact that fu k g is a minimizing sequence thus yields
Combined with the weak convergence of u k to u 0 , this yields the desired strong convergence after passing to a further subsequence. By the uniqueness of the weak limit, this must hold for the original sequence fu k g.
From (4-7) we further infer We close this section with two corollaries of the last result. The first, simple result is that the set of points where the convergence of the minimizing sequence fails to be (locally) strong, i.e. the set of concentration points, is a finite set. 
:
Then S is a finite set: indeed the cardinality of S can be bounded above by a constant depending only on a and e 0 .
Proof. We have (by the monotonicity of the energy integral):
Choose l points fx 1 ; . . . ; x l g in S, and disjoint balls fB
Given that fu k g is a minimizing sequence, we have Eðu k Þ a 2E Ã ðaÞ þ 1 for all k sufficiently large. For such k we have
ð2E Ã ðaÞ þ 1Þ, which is the desired result. r
The second result is a regularity result for the weak limit u 0 . Proof. Let S ¼ fx 1 ; . . . ; x l g be the set of concentration points of a minimal sequence u k : M ! N, ½u k ¼ a A ½M; N which converges weakly to u 0 in W 1; n ðM; NÞ. Then we have from the Rellich compactness theorem and Corollary 4.3:
We consider a sequence of radii r k & 0 with r k < min i0 j 
We further assume r k < min
, with r 0 as given in . In view of (3-8) the n-mean value p 
The n-energy of v k on Br r i k
and, from (3) (4) (5) and Lemma 3.1 (applied with jðrÞ ¼ 2 À r=r r Here we have used r a 2r r i k , (3-3) , the monotonicity of t 7 ! sinh t sin t on ð0; pÞ and the inequality sinhðp=8Þ sinðp=8Þ < 2. Therefore, by (3) (4) (5) (6) (7) (8) and (5-4) 
We consider a further restriction on the sequence r k in that we require ð5-12Þ
Combining (5-6) and (5-7) we see:
We now define families of maps fV 6 A decomposition lemma Lemma 6.1. Let a be a given homotopy class of maps from M to N, and consider a 0 A ½M; N and s 1 ; . . . ; s l A p n ðNÞ such that fa 0 ; s 1 ; . . . ; s l g is a decomposition of a. Then there holds:
Proof. Without loss of generality we assume 0 < E Ã ða 0 Þ < y and 0 < E Ã ðs i Þ < y for all i, 1 a i a l. : B r i ðx i Þ ! B r i ðÀe nþ1 Þ: Since jD exp Àe nþ1 ðuÞvj a jvj for juj < p (the norm here being the norm induced by the canonical metric on S n ), we have by for r e su‰ciently small: Then, by Claim 1, Claim 2, (6-7) and (6-8) we have ½w e ¼ a and
This proves the lemma. r
Proof of the main theorem
Proof of Theorem 2.2. From Lemma 5.1 we obtain the existence of a finite number of maps from S n to N, fV 1 ; . . . ; V L g, such that f½u 0 ; ½V 1 ; . . . ; ½V L g is a decomposition of a. We have the chain of inequalities
where we used Lemma 6.1 for the first inequality, and (5-1) for the last inequality. Thus we must have equality at each step, which completes the proof. r
